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cV =(RrR", )

M" c (R?N_ J) is a totally real submanifold if
TM N JTM = {0}.

A map f: M" — R?N is a totally real immersion if
rank(f, Jf) = 2n

at each point of M.

Theorem

a. Any map f : M" — CN may be approximated by a totally real
embedding, provided N > [32].

b. For each n there exists some M" that does not have any totally real
immersion into CN for N = [32] — 1.
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The 1-jet bundle of maps of M — CN

JM,CN) = {(p.j*(F)(p)) | pEM, f:0, — RN}
In local coordinates

O = (0 FP) 5 50)

and
JM,cV) ={(p,q,a",...,a")}.
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The set to avoid

Y = {(p,q,a) | rank(a, Ja) < 2n} C J(M,CN).

Y is a stratified manifold. .,
Yy = U Y.
k=1

where
Y« ={(p,q, a) | rank(a, Ja) = 2n — 2k}.

> is a locally closed manifold,

- s
i=k
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Proof of part a. of the Theorem

a. Any map f : M" — CN may be approximated by a totally real
embedding, provided N > [37”]

The codimension of Xj is 2(N — n+ 1).

If n < 2(N — n+ 1) then for any f : M — CV the image

JH(F)(M) c JH(M, CN) may be perturbed to not intersect ¥.

Thom Transversality theorem implies that there is some g : M — CN that
approximates f and satisfies

fg)nz =0.

This proves the first part of the Theorem.
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Independent maps

f: M" — CN is an independent map if
dfi A Ndfy(p) #0

for all p € M.

Theorem

a. Any map f : M" — CN may be approximated by an independent map,
provided N < [Z£1].

b. For each n there exists some M" that does not have any independent
map into CN for N > [%1]
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Proof of part a. of the Theorem

Any map f : M" — CN may be approximated by an independent map,
provided N < [ZH].
We now write j1(f) = (p, q, f, - - -, fx,) and, in local coordinates,

Y ={(p,q,a1,...,ap) | rank a < N}.

Y is a stratified manifold of codimension 2(n — N + 1).
If n <2(n— N+ 1) then any map

F:M—cV

may be approximated by an independent map.
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Optimality Results

Lemma

If M has a totally real immersion into CN then there exists a bundle Q of
rank N-n such that
(CoTM)® Q

is trivial.

Lemma

If M has an independent map into CN then there exists a bundle of rank
n-N such that
(C® TM) = Ned Q

where Ne is the trivial bundle of rank N.
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Proof of the first lemma

Let M C CN be a totally real submanifold. Define
®:(Ce TM) — THoC

by
S(v) =v—idv.

® is injective because
®(E+in)=0=Jne TM.

So there exists some @ such that

(CoTM)® Q
is trivial.
The proof of the second lemma is similar.
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The optimality results are thus reduced to properties of bundles.

Lemma
There exist manifolds of dimensions 2k and 2k + 1 such that if

(CoTM)® Q

is trivial, then the rank of Q is at least k.

Lemma
There exists a manifold of dimension 2k such that if

(COTM)=red Q
then the r < k. There exists a manifold of dimension 2k + 1 such that if
(CRTM)=red Q

then r < k+ 1.
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The examples use the dimension modulo 4

Let
M* = CP? x --- x CP? = (CP?)*
and
M4k+1 — M4k % Sl
M4k+2 — M4k % RP2
MA*F3 = M x RP? x S
Theorem

If M" has a totally real immersion into CN, then N > [3]. If M" has an
independent map into CN then N < [2£1].
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Proofs for M*k+3
Totally real embeddings:

We need to show that if
(CeTM)® Q

is trivial, then rank@ > 2k + 1. We have
c((CRTM)d Q) =c(C® TM) -« ¢(Q) = 1.
Let a be the first Chern class of the hyperplane bundle of CP2.

c(C® TCP?) = (TH0) w (T
= (1+a)’(1-a)’
= 1-32°.
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Let
fi : M*H3 = (CP?)** x RP? x S' — CP?

and

__ X
aj—ﬂa.

Let by be the pull-back of the first Chern class of the tautological bundle
on RP?.
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The proof that rank Q@ > 2k + 1

c(C® TM¥*F3) = (1 —3a%)--- (1 — 3a2)(1 + by).

2=0 = (1-3a)"'=1+3a
B2=0 = (1—b)) ' =1+b.
So
c(Q)=(1+3a}) - (143a2)(1 + by).

Since
3ka?...atby #£0,

we have that

cok+1(Q) # 0
which implies that the rank of @ is at least 2k + 1.

(Rutgers University - Camden) Mappings into C b

15 / 31



Independent mappings:
We need to show that if

(C® TM)=Ned Q

then N < [ZHL].
This is equivalent to
rank@ > 2k + 1.

Since
c(C® TM) = ¢(Q)

it follows that
ck1(Q) = —(=3)%ai -+ azby #0,

and we again have

ck+1(Q) # 0.
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A slight improvement

Note that M*t2 and M*k+3 are non-orientable.

Theorem
Any orientable manifold M", for n = 4k + 2, has a totally real embedding
into CN, for N = [37] — 1.

Is a similar improvement possible for n = 4k 4 37
The proof of the theorem consists of three parts.

@ Euler characteristic
o “ K-theory "

@ Gromov's h- principle
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The Euler characteristic

Lemma

Let M be an orientable manifold of dimension 4k + 2 and Q1 be a complex
line bundle of rank r =2k + 1. If (C® TM) & Q1 is trivial, then there
exists some @ such that

QL=Q ..

Proof
It suffices to show

2Cr(Q1) =0.
Note that r is an odd integer.
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From c((C® TM) & Q1) =1, we have
cr(Q1) = Xayq(C® TM)--- ¢, (C® TM)

with at least one js being odd.

For any manifold
(Co TM) = (C® TM)

and this implies
2Cj(c (9 TM) =0

for each odd ;.

2Cr(Ql) =0.
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Application to our case

M" for n = 4k + 2, has a totally real embedding into CV, N = 6k + 3.
So there exists some @ with

(C® TM)® Q1 = Ne

and
rank@; = 2k + 1.

Thus there exists some Q> of rank 2k with
(C® TM)@QQ@EZ Ne.

We would like to “ subtract " & from both sides.
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K Theory

Vecty (M) is the set of isomorphism classs of rank k complex vector
bundles over M.

Vecty (M) — Vecty11(M)
is the map B — B® e.

Lemma J

(Husemdller) This map is bijective if k > [dimM+l 2/l+1].

(CoTM)® @,
and
(N —1)e
both map to
Ne = (6k + 3)e.
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So

(Rutgers University - Camden)

(COTM)® Q= (N —1)e.
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h-principle

From
(CRTM)® Q= (N —1)e = (6k +2)e

we may conclude that M**2 has a totally real embedding into C8<*2.
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Remark

This result is optimal. The orientable manifold
M4k+2 — (CPZ)Xk % 52

does not have a totally real immersion into CV, for N = 6k + 1.
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A similar improvement for independent mappings

Theorem

Any orientable manifold M", n = 4k 4+ 2, has an independent map into
CN, N =[]+ 1=2k+2.

We need
(C® TM) = (2k +2)e ® @

and we have
(C® TM) = (2k +1)e ® Q».

We will use the Euler characteristic and the h-principle.
c2k+1(C ® TM) = 0 (since 2k + 1 is an odd number)
= ou41(@) =0

=>Q=0Q0dc¢

= (C® TM)=(2k+2)cd Q

= M has an independent map into C2k+2.
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Again this is optimal.
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Stein Manifolds

Theorem (Bishop, Eliashberg-Gromov, Shiirmann, Forstnerig)

For n > 1, every n-dimensional Stein manifold has a proper holomorphic

immersion into CN, N = [%] and a proper holomorphic embedding into
CN N =1+[32].

These dimensions are optimal, at least when n is even (Forster, 1970).
New set of examples for optimality:

M4k = (:P2 X oo X Cp2 —_ (CP2)><k

and
M4k+1 — M4k % Sl
M4k+2 — M4k % RP2
M4k+3 —_ M4k % RP2 > 51.
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M?" as above and X" a Stein neighborhood in the complexification of M.
If f: X" — CN is a holomorphic immersion, then f restricted to M is a

totally real immersion.
X" does not immerse into [37] — 1.
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Holomorphic Submersions

Theorem (Forstneri¢)

Every n-dimensional Stein manifold has a holomorphic submersion into
CY. N =[],

This dimension is optimal (Forster, 1967).
New set of examples for optimality: If

f.xX"—scN

is a submersion, then
f:M"—cV

is an independent map.
X" does not have a holomorphic submersion into CV for N = [%1] -1
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