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1. Pseudohermitian Ricci curvature

Pseudohermitian geometry (a term coined by S.M. Webster in 1977) was simultaneously discovered by S.M. Webster and
N. Tanaka, cf. [1]. Objects in the pseudohermitian category are pseudohermitian manifolds, that is CR manifolds (M, T; o(M))
endowed with a globally defined pseudohermitian structure i.e. a nowhere zero C* section : M — H(M)" in the conormal
bundle associated to the Levi, or maximally complex, distribution H(M) of (M, T; o(M)). Cf. § 2 for areview of the basic notions
in CR and pseudohermitian geometry (following [1]). Under an assumption of nondegeneracy (of the Levi form of Ty o(M))
for each pseudohermitian structure # on M there is a unique linear connection V = V? [the Tanaka-Webster connection
of (M, 0)] parallelizing the Levi distribution H(M), the complex structure along H(M), and the Levi form, and having pure
torsion (cf. e.g. [1]). If RY is the curvature tensor field of the Tanaka-Webster connection V the pseudohermitian Ricci tensor
is (cf. [1])

Rus = Trace {V € T(M)® C — RY(V, Ty)T, } .

A nondegenerate pseudohermitian manifold is pseudo-Einstein (cf.[ 1]) if the pseudohermitian Ricci curvature is proportional
to the Levi form

Ryw = (R/n)guv (1)

where R = g/"R,5 is the pseudohermitian scalar curvature (cf. [1]). Equation (1) is the pseudo-Einstein equation on M. Any
odd dimensional sphere S?**1 < C"™! is a strictly pseudoconvex CR manifold [with the CR structure induced on S?"+!
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by the complex structure of C**'] and the pseudohermitian structure & = ¢* {1 (9 — 9) |2|*} is pseudo-Einstein. Any
pseudohermitian structure on a nondegenerate 3-dimensional CR manifold is automatically pseudo-Einstein, eventually

of nonzero pseudohermitian scalar curvature. Let H,, be the Heisenberg group i.e. the Lie group C" xR with the group law

(z,t)- (w,s)=@Z4+w, t+s+2Imz -w)), (z.t) (w,s)eH,. (2)

H, is a strictly pseudoconvex CR manifold with the CR structure obtained by identifying H,, to the boundary of the Siegel
domain £2,41 = {(z, w) € C"xC : Im(w) > |z|%}. The canonical pseudohermitian structure 6y = dt + i (z" dz, —z, dz“) is
Tanaka-Webster flat and in particular a solution to

R =0. (3)

Solving for 6 in (3) is a nontrivial problem (similar to solving the Einstein equations for empty space in general relativity
theory) even in the CR dimension n = 1 case. It is our purpose in the present paper to consider first order perturbations

O =6y+¢€0 (4)

(e <« 1)and linearize Eq. (3) about the canonical pseudohermitian structure 6y on Hj. There is a unique u € C*°(Hy, R) such
that @ = 6. Substitution from (4) into (3) [followed by dropping terms of order O(e?) and higher] leads to

Apt — 4lLul> =0 (5)

where A, is the sublaplacian (cf. [2]) of (H;, 6y) and L is the Lewy operator (cf. [1]). Using techniques of subelliptic theory
(cf. e.g.[3]) we solve the Dirichlet problem for the linearized pseudo-Einstein (5) on a bounded domain §2 C Hj. The situation
we consider bears a strong analogy to the classical work by A. Einstein (cf. [4]) where the gravitational field equations for
empty space are linearized about the (flat) Minkowski metric. The following table lists objects in pseudohermitian geometry
on the 3-dimensional Heisenberg group H and their analogs in general relativity theory.

H, R*

0o = dt +i(zdz —zdz) go = —c2dt? + dx? + dy? + dz?

canonical contact form on Hj; Minkowski metric on R*

Ve Ve

Tanaka-Webster connection Levi-Civita connection

of 6. =6y + €6 Ofg5:g0+6h

Geodesics equations for V% Geodesic motion equations of a particle in the
gravitational field g,

R7=0 Ric(g) =10

pseudo-Einstein equations gravitational field equations for empty space

Ab A[)

sublaplacian of (Hj, 6p) Laplacian of R?

Apu — 4|Luj? =0 Agi=0

Linearized pseudo-Einstein equation Linearized gravitational field equation

€ e with e « 1and u(x) - —oo for weak field € h decaying to zero at space

|x| = 400 infinity

At the present stage of development of subelliptic theory (cf. e.g. [5] and [6]) a treatment of Dirichlet problem on external
domains, with conditions at infinity, is missing within the mathematical literature. Therefore, to pursue the analogy in the
table above (and produce pseudohermitian analogs to gravitational fields decaying to zero far from the gravitating body)
we derive an explicit solution u to the linearized pseudo-Einstein equations (5) such that u(x) - —oo as |x| — +o0. Here
x| = (|z|4 + tz)l/4 is the Heisenberg norm of x = (z, t) € H;. The solution turns out to be singular at x = 0 yet locally
integrable on H; and then a weak solution to (5) in an appropriate manner (cf. our § 6).

To build a 3-dimensional pseudohermitian analog to general relativity theory one may require R,7 = 0 to describe gravity
in free space. A finding in this paper is that, while R;; = 0 would be a priori a postulate, its linearized counterpart (5) may
be shown to be part of the Euler-Lagrange system § Sp(6, u) = 0 for gravity coupled with a sigma model

1 R 1
Sp(@,u) = if |:—* + —F““umu‘ve“”] dvol(Fy)
D

2 A2

on the total space Mt (with D CC 9%) of the canonical circle bundle S' — 9 — H; (cf. [1]), thus relating the tentative
3-dimensional gravity theory based on pseudohermitian geometry to a well established physical theory (cf. [7]).

Base maps ¢ : H; — N associated to S! invariant wave maps @ : 9t — N [from the Fefferman space-time (91, Fy,) into
a Riemannian manifold N| where previously shown (cf. [8]) to be subelliptic harmonic (in the sense of [3]). Consequently,
a finding in this paper is that mathematical analysis of existence and regularity of weak solutions to (5) may be performed
by recognizing (5) as the subelliptic harmonic maps equation for maps from the pseudohermitian manifold (Hy, 6p) into the
Riemannian manifold N = (R, e* dt ® dt).



E. Barletta et al. / Journal of Geometry and Physics 112 (2017) 95-105 97

2. Lewy operator, canonical contact structure

The Lewy operator is the first order differential operator
L=29/3z —izd/ot

discovered by H. Lewy (cf. e.g. [ 1]) in connection with the boundary behavior of holomorphic functions on the Siegel domain
2, ={(z, w) € C? : Im(w) > |z|?}. Indeed if F € O(§2,) N C'(§2,) is a holomorphic function C' up to the boundary then its
boundary values f = F|,, obey to L(f o H) = 0 where H : H; — 32, is the C* diffeomorphism H(z, t) = (z, t + ilz|%).

In a bundle theoretic recast (cf. [9]) H; carries the natural left invariant CR structure T; o(H;) = CL spanned by L. The
boundary of the Siegel domain inherits a CR structure Ty ¢(d£2;) = [T(32;) ® C] N T19(C?) as a real hypersurface in C?, so
that H is a CR isomorphism i.e. a C* diffeomorphism and (dyH )Ty o(H1)y = T1,0(3$22)uy for any x € Hy. Here T19(C?) is the
holomorphic tangent bundle over C? i.e. the span of {3/9z, d/dw}. The equations

Lf)=0 (6)

are the tangential Cauchy-Riemann equations. A C' solution to (6) is a CR function. For instance y(z, t) = |z|> — it isa CR
function (C* on Hy). Let Autcg(H;) consist of all CR isomorphisms of Hj into itself. CR invariants are Autcg(H;)-invariant
geometric objects on H;. As shown by S.M. Webster (cf. [1]) CR invariants may be computed in terms of pseudohermitian
invariants. Indeed we may consider the real 1-form 6, € £2'(H,) given by

Op =dt +i(zdz —zdz)

so that 6y A dby is a volume from on Hj i.e. 6y is a contact form. Also 6y is a pseudohermitian structure on Hy i.e. a nowhere
vanishing C* section in the conormal bundle

H(H )y = {w € T{(H) : Ker(w) D H(Hy )}, x € Hy,

where H(H;) = Re {Ty,o(H;) @ To,1(H1)} (the Levi distribution).
As H(H;)* — Hj is a real line bundle, any other pseudohermitian structure § € C®(H(H;)*) is given by § = A 6, for
some C* function A : Hy; — R\ {0}. The Levi form is

Go(X,Y)=(dO)X,JY), X,Y e H(H,),

where ] is the complex structure along H(Hj ) i.e. J(Z+Z) = i(Z—Z)forany Z € Ty o(H;). Then Gy = A Gy, and Gy, (L, L) = 1.In
particular Gg, is positive definite i.e. the CR structure Ty o(H ) is strictly pseudoconvex. The Reeb vector of (H;, 6) is the globally
defined, nowhere zero, tangent vector field § € X¥(H;) transverse to the Levi distribution H(H} ), uniquely determined by

0(&)=1,£]d6 =0.
The Reeb vector of (H4, 6y) is &, = d/dt. Let gy be the Webster metric i.e. the Riemannian metric on H; determined by

(X, Y)=Go(X,Y), 2(X,E)=0, go(§,86)=1,

for any X, Y € H(H;). The Tanaka-Webster connection of (H;, #) is the unique linear connection V = V? on H; such that
(i) H(H,) is parallel with respect to V i.e. X € H(H;) = VyX € H(H,) for any V € X(H,), (ii) V] = 0, Vgy = 0, (iii) the
torsion Ty of V is pure i.e.

TofJ+Jotr =0,
T9(Z,W)=0, Ty(Z,W)=2iGy(Z, W)E,

for any Z, W € Ty o(H,). Here t(V) = Ty(£, V) (the pseudohermitian torsion). Cf. [1], p. 25. Let RY be the curvature tensor
field of V and let us set

RaPpcTp = RY(Tp, Tc)Ta, A,B,C,...€{1, 1, 0},

Here g;7, R;7 and p are respectively the Levi invariant, the pseudohermitian Ricci tensor, and the pseudohermitian scalar
curvature of (Hy, 6).
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3. Linearized pseudo-Einstein equation
Let 0 be a positively oriented contact form on H; and let us set
b =6h+€b, €<l (7)
If g,5(€) is the Levi invariant of (Hy, 6,) then g,5(¢) = 1+ € g,7 and [by dropping terms of order O(¢?)]
glie)~1—egr=1—ce,

where u € C®°(H;, R) is given by 6 = %" 6. Let V¢ be the Tanaka-Webster connection of (Hj, 6, ) and FBAC(e) its coefficients

with respect to the frame {L, L, &} where & € X(H;) is the Reeb vector corresponding to 6. As

0. = e® 0y, u. =logyv/1+ ee,

the Reeb vectors &, and & are related by
£ =e 2 (& +il(u)L—il(uc)L}.

or
Eo=(1—ee®) & +iee®™ {L(u)L — L(u)L} + O(e). (8)
In particular the following commutation formulas hold
[L.I] = —2i&, (9)
(L, &] = —ie e® {2|Lul* + LLu} L + ie e {2L(u)* + [*u} L. (10)
By aresultin[1]
ri(e) = g""(e) {L (gri(e)) — g, (L. [L.L])}. (11)
rl(e)=g"e)gs ([L.1].L). (12)
Iyy(e) =g"(e) g, ([&.L].L). (13)

As gg, (&, L) = 0 and gy, (&, &) = 1, formula (8) implies

%o, (§0, L) = —ie e L(u).
Consequently [by (9)-(13)]

r}(e) = 4e e L(u), (14)
Il (e) = —2e e L(u), (15)
Tyy(e) = ie e® {2|Luf® + LLu} . (16)

In particular FBAC = O(¢). Let RY be the curvature tensor field of V¢ and let R11ﬁ(e) be its components with respect to
{L, L, &} so that

Ryz(€) = Ry'yq(€) = L(IF(€)) — L(IYy(e)) + 2i Iy (€). (17)
Substitution from (14)-(16) leads to

Ryq(e) = 4e e (Apu — 4|Lul?) . (18)
Here Ay is the sublaplacian of (H;, 6y) i.e. the formally self-adjoint second order differential operator given by

Apu = —div (VHu), ue C3(Hy).

Cf. e.g. Definition 2.1in [1], p. 111. If ¥ = 6y A d6, then let div(V) be given by £y¥ = div(V) ¥ for any V € X(H;), where
Ly is the Lie derivative. With respect to the frame {E, : a € {1, 2}} defined by E; = (1/\/§)X and E; = (l/ﬁ) Y
2 1
Ayt = =y {Ea(Eqtt) = (VR E)u} = — - {X?u + Yu)

a=1

hence A, is degenerate elliptic (in the sense of .M. Bony, [10]). Also L = %(X —iY)yields

Apu=—(LL+LL)u, ue C*(H). (19)
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In particular (by a result in [11], cf. also Lemma 2.1in [1], p. 114) A}, is subelliptic of order 1/2 i.e. for any point x € Hj there
is an open neighborhood U C H; of x such that

Julfy < € (Aot wyz + ull,)

1
forany u € C3°(U), where |Juf, = ng3 (1+1£1%) ﬁ(f;)|2 ds) * is the Sobolev norm of order r. Consequently (by a result in

[12]) Ap is hypoelliptic i.e. if u is a distribution solution to A,u = f with f smooth then u is smooth. The pseudo-Einstein
equation R;7(¢) =0 1i.e.

Apu—4|Lu> =0 (20)

is then a second order nonlinear subelliptic PDE for which we wish to solve both the Dirichlet problem on a bounded domain

£2 C H; and determine solutions u such that u(x) - —oo as |x| — +oc. Here |x| = (|z|4 + tz)l/4 (the Heisenberg norm)
forany x = (z, t) € Hj.

4. Subelliptic harmonic maps of (H;, ) into (R, e* dt?)
Our main result in this section is

Theorem 1. Let 2 C H; be a bounded domain and & € M'($2) such that ®(£2) is a bounded set. There is u € C*°(£2) such that
u=® onds2and (1+ € e*) 6y is a solution to R;7 = 0 in £ to order O(¢).

The boundary condition u = @ on 952 is understoodasu — @ € M(}(.Q). The Folland-Stein (Sobolev type) spaces M(£2)
and M(}(.Q) (cf. [13]) will be introduced shortly. The proof of Theorem 1 relies on identifying (20) as the subelliptic harmonic
map equation, for maps from (Hy, 6p) into R carrying a particular (flat) Riemannian metric. Indeed let us endow R with the
Riemannian metric h = e* dt ® dt. The energy of a C2 map u : H; — R of the pseudohermitian manifold (H, 6) into the
Riemannian manifold (R, h) is (cf. [8])

1
EQ(U) = 5/ TI'(;Q0 (HH U*h) 11/0
2

where £2 C H; is a relatively compact domain and I7yB denotes the restriction of the bilinear form B to H(H) ® H(H;).
Then
2 2
Trgy, (M uh) = (w'h) (Ea, E) = Y €™ E(u)?,
a=1

a=1
Up =60y Adby = 4dx A dy Adt,
so that

Eo(u) = / e* {X(u) + Y(u)’} dx
2
where dx is the Lebesgue measure on R? (compare to (4.5) in [3], p. 4639). A function u € C?(H;, R) s a critical point of Eg, if

d
g{EQ (Us)}s=o =0

for any smooth 1-parameter variation {us}.s C C?(H;, R) of u (i.e. ug = u) supported in §2 (i.e. Supp(dus/ds),_y C $2).
A function u € C%(H,, R) is a subelliptic harmonic map of (H;, 6,) into (R, h) if u is a critical point of Eo for any £2 CC Hj.
A study of the existence and regularity of subelliptic harmonic maps was started in by J. Jost and C-]. Xu (cf. [3]) in a more
general context [i.e. for maps from a domain in RN carrying a fixed Hsrmander system of vector fields, into a complete
Riemannian manifold [of bounded (from above) sectional curvature]]. The Euler-Lagrange equations of the variational
principle 8 Eq(u) = 0 are (cf. e.g. (4.6) in [3], p. 4639)

2
— Apu+ Y Iy()Eg(u) =0 (21)
a=1

where Flll are the Christoffel symbols of h1; = e*. Next

1 ahn
1 =5 at

so that (21) is the equation to be solved. Therefore the variational treatment in [3] applies to (20). At this point we may solve
the Dirichlet problem

Apu—4llu> =0 in 2, u=a& on IL. (22)
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For any vector field V € X(H;) let V* be its formal adjoint i.e.

/ v(pdx= [ fvip)dx
Hy

Hjy

forany f € C!(H;)and ¢ € Co°(H,y). A function u € LL (£2)is weakly differentiable along H(H, ) if for each V € {X, Y} there

loc
exist functions uy € Llloc(.Q) such that

/uv(pdx=/ uV*(p)dx,
2 2

for any ¢ € C§°(£2). Such uy are uniquely determined almost everywhere and denoted by V(u) = uy. Let M1(£2) be the
space of all u € [%(£2) admitting weak L? derivatives along H(H,) i.e. X(u), Y(u) € L*(£2). Then M'(£2) is a separable Hilbert
space with the scalar product of associated norm

llul?,, :/ u? dx—i—/ [(Xu)® + (Yu)?] dx. (23)
2 2

Although Eq. (5) is nonlinear, there is a natural concept of weak solution in the Folland-Stein space M!(£2). Let M(}(Q) be
the closure of C5°(£2) in the norm (23). A function u € M(£2) is a weak solution to Apu — 4|Lu|> = 0 if

f XW)X(p) + Y(u)Y(p)} dx = 2/ {XW)? + Y(u)’} g dx (24)
2

2
forany ¢ € M(}(.Q) N L*>(£2). Since V* = —V foreach V € {X, Y} one has

A —1 X*X Y'Y
bu—i{ u-+ uj.

Also |Lu|®> = 3 {X(u)? 4 Y(u)*} hence any weak solution of class C? is [integrating by parts in (24)] a strong solution to (20).

To solve the Dirichlet problem (22) we rely on a result by J. Jost and C-J. Xu, [ 3]. Precisely let S be a complete m-dimensional
Riemannian manifold of sectional curvature Sect(S) < «? for some x > 0, which may be covered by a single coordinate
chart x = (t], e, tm) : § — R™, so that the Sobolev space M'(£2, S) is unambiguously defined i.e. it consists of all maps
u:$2 — Ssuchthatt ou e M(2)forany 1 <j < m.Let ® € M'(£2,S) N C(£2, S) be a map such that ®(2) C B(p, i)
for some p € S and some 0 < p < min {7 /(2«), i(p)} where i(p) is the injectivity radius of p. Also B(p, w) is the metric
ball of center p and radius u [with respect to the distance function associated to the given Riemannian metric on S]. Then
(cf.Main Theoremin[3], p.4639) there is a unique mapu € M'(£2, S)NL>®(82, S)with ul,, = ®,u(2) C B(p, i), minimizing
E, among all such maps, and this map u is a weak solution to (20). Also u possesses the same regularity properties at the
interior of £2 as solutions to linear hypoelliptic systems. Moreover if 9£2 is smooth and noncharacteristic for {X, Y}, and &
is smooth, then the corresponding boundary regularity of u follows.

We recall that the injectivity radius of p € S is the largest radius of a ball (in the tangent space T,(S), centered at 0) on
which the exponential map exp,, is injective. The geodesics equation for the Riemannian metric e dt ® dt on R is

VH(S) + F111 V,(S)z =0
i.e. the Bernoulli equation " + 2> = 0 hence {y%, : a, b € R} with
+ a - a
Yab * <_E’ +oo> - R, Y (—oo, —5) — R,
Vap(s) = log [£(2s + a)] + b,

is the family of all geodesics of (R, e*dt?). Any such geodesic may be reparametrized to be defined on the whole of R hence
(R, e*dt?) is complete. Moreover the injectivity radius of any t € R is i(t) = 4o0. For instance if t € Rand v € T,(R)is a
tangent vector v = XA (d/dt); with A > 0 then

+ . 1
Y2/ t—log(2/3) 5 +oo ] > R
is the unique geodesic of initial data (t, v). Consequently
XPLU = V3t togzyn)(1) = t + log A

which is well defined and remains injective forany > 0.Lett, € Randlet . > 0 be arbitrarily chosen [as Sect(R, e* dt?) =
0 any constant ¥ > 0 will do] and let us set R = log+/1+ 2uue—2%, Also let ® € M'(£2) such that &(£2) C Ix(ty) where
Ix(to) = {t € R : |t — ty] < R}. The distance function associated to the Riemannian metric e* dt? is

dis, t) = % {ezr —62‘}, t>s,
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hence Ig(ty) = B(to, i). By the result of J. Jost and C-J. Xu mentioned above there exists a weak solution u € M1(£2) to (20)
such that

u—® e My(R) (25)

and u(£2) C I(ty). Moreover (by Theorem 2 in [3], p. 4644) the weak solution u to the Dirichlet problem (22) is continuous
i.e. u € C(£2). Finally we need to apply a result by C-J. Xu and C. Zuily (cf. [ 14]). Let us consider the PDE

2
DX (@0, u)) Xilw) = F(x, u(x), Xu(x), Yu(x)) (26)
j.k=1

where X; = X, X, = Y and [@(x, u)]1§i \~, 18 positive definite. By a result in [ 14] (cf. Theorem 1.1, p. 323) if ¢ and f are C*

functions and o
[f(x,u,p)l < alpl*+b, (x,u,p)€ 2xRxR?, (27)

for some a, b € R, then any weak solution u € M!(£2) to (26) which is continuous in £2 is also C* in £2. Eq. (20) may be
written as

X*(Xu) + Y*(Yu) = f(x, u, Xu, Yu)
with f(x, u, p) = 2|lpll> hence (20) enters the class of quasilinear PDEs (26) [with &* = §* and f satisfying (27) witha = 2
and b = 0]. Hence the solution u to (22), (25) is smooth in £2.

5. Relationship to Einstein’s gravity coupled to a sigma model

Equation (20) may also be derived from Einstein’s gravity on the total space of the canonical circle bundle S — 9t — H;,
coupled to a nonlinear sigma-model. To make this statement precise, we recall that a complex-valued differential 2-form
w on Hy is a (2, 0)-form (or a form of type (2, 0)) if To,1(H;) ] @ = 0. That is, for any pseudohermitian structure 6 on H; a
(2, 0)-form may be represented as

w=fdzA0, feC®H,C).

Let A>°(H;) — H] be the relevant bundle [a complex line bundle, such that each (2, 0)-form is a C* section in A%°(H;)].
There is a natural free action of R, = GL*(1, R) (the positive reals) on AZ9(H;,) \ {zero section}. Let

M = [A>°(H,) \ {zero section}] /R

be the quotient space and 7 : 9t — H] the projection. The circle S acts freely on 9t so that 9t may be organized as the total
space of a principle bundle, referred to as the canonical circle bundle over H;. The Heisenberg group is globally embeddable
(as a CR manifold globally CR isomorphic to the boundary of the Siegel domain, cf. our § 1) hence the canonical circle bundle
is trivial [i.e. 901 & H; xS']. Let 6 be a positively oriented contact from on H; and let us consider the real 1-form

1 . i 7 P
a:3{dy+n* <1a)11—2g“dg11—89)}.

Here y is a local fiber coordinate on 91. By a result of C.R. Graham (cf. [15]) o is a connection 1-form on the principal bundle
S — 9t — H. Let G, be defined by Gy = G, on H(H;) ® H(H;) and G4(£, V) = 0 for any V & T(H;). By a result of .M. Lee
(cf. [16])

Fp=7*Gy+2(7*0) O o

is a Lorentzian metric on 9t [the Fefferman metric of (H;, 8)]. For each tangent vector field V € X¥(H;) let V1 € %(9) be the
horizontal lift of V with respect to o i.e.

vt eKer(o), mV'=Voun.

If S is the tangent to the S! action then X, = &' — S is a globally defined timelike vector field on 9t [a time orientation of
the Lorentzian manifold (C(Hy), Fy)] so that (9, Fy, Xp) is a space-time. By a result in [16] there is no A € R such that
R,, — AF,, = 0. Here

F//.v :LO(a;u 0,), 0, = a/axv,
and R,,, is the Ricci tensor of (9, Fy). Components are meant with respect to the local coordinate system
(x”)Ogu,v§3 = ()?7 )/), }? = X’ om,

where (¥)1<j<3 = (%, y, t),z = x + iy, are (globally defined) coordinates on H; and x° = y. Let us consider the action

1 R 1
Sp (0, u) = E/D[_E +o3 P umu|ve4“i| dvol(Fy)
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where D C 9 is a relatively compact domain, R = F*'R,,, is the scalar curvature of Fy, and A2 is a constant (cf. [7]). Here
u: Hy — Risa C*™ function (one does not distinguish notationally between u and its vertical lift u o ) and u;, = du/ox".
Also [F*'] = [Fw]_l. By a result in [7] (cf. also [17], p. 111) the Euler-Lagrange equations of the variational principle
8Sp(0,u) =0are

1 v
Ry = vl u e, —0u -+ F*™uyu, Iy (u) = 0, (28)
where
1
Ou = _ﬁ(\/ _GFHV U‘V)“L, G == det[F,w],

[the wave operator (on functions) for Fy] and 1"111 are the Christoffel symbols of e¥dt @ dt. As S! C Isom(, Fy) the
wave operator is S'-invariant so that O pushes forward by 7 i.e. for any u € C*(Hj, R) there is a unique C* function
(mO)u : Hy — R whose vertical lift is O(u o 7). By a result in [16]

7. 0=(2/3) Ap.
By a result of E. Barletta (cf. e.g. [18])

0 0 O 3
0 L 0
. 2 Y
[Feo(aﬂv av)] = 1 . (29)
0o 0 = —X
2

3y —x 2z
Finally for 6 = 6y [by (29) and u;q = 0] the last Eq. in (28) projects (pushes forward by 7) on Hj; to give (20).

6. Solutions with Heisenberg spherical symmetry

Let us look for solutions to (5) of the form u(x) = f(r) where r = |x|. We shall make use of the function y¥(z, t) = |z|?> —it
(which is CRi.e. Lyy = 0). A calculation shows that

= fin
T o2r3 2y
hence

- - |Z|2 17 3 /

A= — (LL+LL)u = == [f (r+ rf(r)] :
/ 2

4 |Luf? :“—? 2|2,
r

and substitution into (5) leads to Bernoulli equation

3
f(r) + ;f/(r) =—2f(r}.
Let us set g = 1/f’ and solve g’ — (3/r)g = 2 such as to get g(r) = —r and then f(r) = log(1/r). Then

u(x) = log(1/Ix]) (30)
is an exact solution to (5) (such that the corresponding perturbation term €6 decays to zero as |x| — +00). As to the global
properties of (30) we show that it is a weak solution to (5) on H; in the sense of the following
Theorem 2. Forevery € > 0 let us set . (x) = |z|> + €® — it forany x = (z, t) € Hy. If

e = |WE|1/27 Ue ZIOg(l/re)’ Ve :Abue —4|LU€|2,

then lim,_, o+ u. = log(1/r) and lim,_, g+ v, = 0 pointwise on H; \ {0}. Moreover (i) u € Lfoc(]Hh ) Ue, Ve € CP°(Hy) N LY(Hy),
(ii) ue — u as € — 07 in distributional sense. Moreover (iii) v, satisfies

Ve =€ %y 081/, €>0,

where 8, : Hy — H, is the parabolic dilation 8s(z, t) = (sz, s*t), s > 0. Consequently (iv) ve. — 0as e — 0% in distributional
sense.
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Proof. One has

Ly =2Z, Ly =0, (31)

(in particular v, is a CR function on Hjy ). Starting from rf = WEJE one derives Lr. = (z/2) r;3 Ee and hence
z
Lu, = — . 32
¢ 2Y. (32)

Let us apply L to (32) and use (31) and Lz = 1. We obtain LLu, = —(1/2) 1//;1 and hence

Apute = — (LL+ LL) ue = (21> 4+ €%) 1% (33)
Also [by (32)]

ILuc| = (1/2)|z| 172 (34)
Finally (33)-(34) yield

Apte — 4lLuc* =17t (35)

Let K CC H; be a compact subset. Then

/Mmﬂ=/ Mmﬂ+/ ()] dx
K Kn{r<1} KNn{r>1}

= —/ logrdx+ A
Kn{r<1}

where A = fm{r>1} log r dx. On the other hand (cf. e.g. [1])
X < 1= |xll < Ix| < x|

where || - | is the Euclidean norm on R>, hence
1

—/ logr dx = f/ logr—2dx
Knfr<1} 2 Jknir<1)
1
<5 [ toglitex
KN[llix|<1}

2

1! 5

5[ dp/ (log p?) do(x)
0 lIxll=p

1
= 271/ p?logp2dp =4n /9
0

IA

so that u € L'(K). The functions u, and v, are continuous and bounded, hence integrable on H;. We need the following

Lemma 1. Let ¢ € C°(H;) and let us set K = Supp(p). Let 0 < & < 1 be fixed and let f € C(By) given by f(z,t) =
—|z|? + /1 — t2 where By is the Heisenberg ball of center 0 and radius R > O i.e. By = {x € H; : |x| < R}. Let €5 > 0 be given
by €2 = infyep,f(x). If g : Hy — R is the function

1
2 log [(e§ + |z|2)2 + t2] , for |x| > 1,

1
g2(x) = o log (1+¢€;)+1loglx|™!,  for § < x| <1,

log x| ! for |x| <38,

theng e L'(K) and
lucpl <g(x), xeK, 0<e<es.

In particular

lim U pdx = / ugdx (36)
H; H,

e—071

forany ¢ € C§°(H;).
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Proof. One has |uc.¢| < I |u.| where I' = supg|¢|. We distinguish three cases, as follows. If (I) |x| > 1 then rf is [x|* plus a
positive term of order O(¢?) hence r, > 1. It follows that

1
luc(x)| = logre < - log [(e,? +1217)° + tz] =g(x)

forany 0 < € < €. If(I) |x] < §thenr. < 1forany 0 < € < ;. Indeed if [x| < 1 then the quadratic polynomial
P(x,s) € M[s]
P(x,s)=s*+2|z>s+ |x|* = 1

(whose coefficients are nonnegative continuous functions on H;) has determinant 4 (1 - t2) > 0 and hence two real
roots s; < 0 and s; = f(x) > 0.Thenr. < 1 is equivalent to P(x,€?) < 0 holding for 0 < €2 < f(x) because of

€ < €5 = [infiy<sf(x)]?. In case (II) one then has

1 -1 1 _ 1
1)l = ; log [(62 +1z2) + r2] < log (21" + %) T 7 log x|~ = g(x).
Finally if (I) 8 < |x| < 1then |x| < 1yieldsr? < (€ + 1)2 hence
_ 1 [logr? for r. > 1,
()l = 4 :—logr;l for r. < 1,

1
< = log (1+¢}) +log|x|™" = g(x).

= 4 |log|x|™* for o <1, = 2

The proof of the integrability of g on K = Supp(¢) is similar to that of u (and hence omitted). Finally (36) follows by applying
Lebesgue’s dominated convergence theorem.

1 {2 log(1+¢€;)  for re > 1,

Let us go back to the proof of Theorem 2. One has
62
ve(z7t):727 (Z9t)€H]’
|lz]* + €2 — it

hence
Ve =€ 21081 . (37)

The function v, is continuous and bounded on H; hence v; € L'(H,). Let us set C = le v1(x) dx. Then [by applying (37)
followed by a change of variables 2/ = e 't and t’ = € 2 t]

/ Ve dX = 672/ (v1 081/6) dx = Ce?.
Hy Hy

Finally
/ Ve dx
Hy

ase - 0T. O

51“/ vedx=TICe? >0
Hy

7. Conclusions and final comments

We linearized the pseudo-Einstein equation R,7 = 0 on the Heisenberg group H; about the canonical Tanaka-Webster
flat contact structure by setting 6. = 6y + €6 (¢ < 1). Once 6, is fixed the function space C*°(H;, R) parametrizes the
space of all positively oriented contact forms on H; i.e. § = e?“6, for some smooth function u : H; — R. The equation
obtained from R,7 = 0 under the above perturbation is of course linear in § yet the corresponding equation on the parameter
space Apu — 4|Lu|> = 0 is but quasi-linear. The larger program outlined in [3] is to formally replace the ordinary Laplacian
A (in quasi-linear elliptic systems of variational origin, such as the harmonic maps system) by a Hérmander operator
H = —Zj";lxj*xj associated to a given Hérmander system {X; : 1 < j < m} of vector fields (on an open set in R") and
exploit the fact that, although H is not elliptic, it is at least hypoelliptic (as is A). The following findings in the present paper
are new:

(i) The principal part in the linearized pseudo-Einstein equations turns out to be the sublaplacian Aj [which is the
Hormander operator associated to the Hérmander system {X, Y}, where L = %(X + iY) is the Lewy operator] thus relating
to the J. Jost and C-J. Xu program (cf. op. cit.);

(ii) Equation (5) is recognized as the subelliptic harmonic maps equation for maps u from the pseudohermitian manifold
(H4, 6p) into the Riemannian manifold (R, e dt?) [cf. [8] where maps of the sort were termed pseudoharmonic and whose
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local manifestations (with respect to a local orthonormal frame of the Levi distribution) are ]. Jost and C-J. Xu’s subelliptic
harmonic maps];

(iii) While the pseudohermitian analog R,7; = 0 to the gravitational field equations is postulated, the associated linearized
equation is shown to be the projection on H; of

— Ou + F*uy,u, I (u) =0 (38)

[where O is the wave operator i.e. the Laplace-Beltrami operator associate to the Fefferman metric of (H,, 6y), a Lorentzian
metric living on the total space of the canonical circle bundle over H;] and (38) is part of the Euler-Lagrange system of the
variational principle § Sp(0, u) = 0.

(iv) We solve (5) on a bounded region 2 C H; by making use of techniques available in subelliptic theory. This
is somewhat unsatisfactory for, should one produce a perturbation contact form 6 responsible for modeling a weak
gravitational field decaying to zero far from the gravitating body, one should solve the Dirichlet problem for Eq. (5) with
conditions at infinity i.e. with u(x) — —oo as |x| — -oo. This inadequacy is compensated for by producing an explicit
solution u to (5), possessing Heisenberg symmetry and such that u(x) — —oo as |x| — +o0. As it turns out, the solution u
is singular at the origin yet locally integrable on H; and a weak solution to (5). Thus

b |(dt+i@dz-zdo)

Viz|* + 12
is a solution to R;7 = 0 to order O(¢), decaying to 6, at space infinity;

(v) The particular solution to the linearized field equation corresponding to our finding u = log(1/r)in § 6is 0 = |x| 26,
which is to some surprise the contact form considered in [ 19]. Let G, be the discrete transformation group of H; generated by
the parabolic dilation §; : H; — H; (withs > 0 fixed). By aresultin[19], G acts freely on H} \ {0} as a properly discontinuous
group of transformations hence the quotient H;(s) = (H, \ {0}) /G; isa C° manifold. Also H;(s) &~ X2 xS! (where X? = 3B,
is the Heisenberg sphere of center 0 and radius 1) so that H;(s) is compact. The real 1-form |x| ™26, € 2'(H, \ {0}) is Gs
invariant, hence descends to a globally defined contact form 6(s) on H;(s). Again by a result in [19], 6(s) is a pseudo-Einstein
contact form with nonzero pseudohermitian scalar curvature and nonzero pseudohermitian torsion (built in [ 19] as a contact
analog to the Boothby metric on a complex Hopf manifold, cf. [20]).
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