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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.

J:H - H with J2=—1I.

We denote this structure by (M, H, J).
It is often useful to extend J by complex linearity to a map

J:CeoH—-CQ®H.

Then J is completely determined by the eigenspace corresponding
to the eigenvalue i (or to the eigenvalue -/). So a CR structure is
just as well given by a complex line bundle Bc C® H,

Bn B ={0}.
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CR and Pseudo-Hermitian Structures

It will be useful to work with the dual formulation. Choose some 6
such that #* = H . Choose some 6! such that

XeH = (X +iJX)=0and 81 (X -iJX) %0.

(0,6%) is called a CR coframe. The CR structure is strictly
pseudoconvex if § A df #0. So 6 is a contact form and H is a
contact distribution. A normalized coframe (#,6') satisfies

do = io* A 61,
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CR and Pseudo-Hermitian Structures

(H,J) uniquely defines the CR structure. are not unique.

6 = ro

01 = ot

with constants r real and o complex, o> = r > 0 is also a
normalized coframe.

A pseudo-hermitian structure is a strictly pseudoconvex (H, J)
and a choice of 6. If (6,60') is a normalized coframe, then the only
other normalized choices are

with |A] = 1.
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CR and Pseudo-Hermitian Structures

Given two CR structures (M, H,J) and (M, I:I,J) a
diffeomorphism F: M - M is a CR diffeomorphism if it preserves
the contact distribution and the J-operator. That is

F.oJ=JoF..
In terms of choices of coframes we are requiring
F*f=s0
F*01 = ~0 + 60

with s real, v and § complex s #0, and v £ 0.
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CR and Pseudo-Hermitian Structures

Given two pseudo-hermitian structures, say {#,6'} and {0,0~1} and
a diffeomorphism F : M® - M3, we say that the two
pseudo-hermitian structures are equivalent, and that F is a
pseudo-hermitian diffeomorphism if

F*(8) =0

and B
F*(61) = 0" + 50.
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CR and Pseudo-Hermitian Structures

The Standard Structures

The standard CR structure on the three sphere S3 is the one it
inherits as a submanifold of C2.

H=TS3nJTS3.

H is called the standard contact distribution.
Restricting g = —i(Zdz + wdw) to S3 gives the standard
pseudo-hermitian structure.
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CR and Pseudo-Hermitian Structures

The induced CR structure on S3 can be given by

to
0

-i(zdz + wdw)

wdz — zdw

where these forms are restricted to S3.
Note

dy = i3 A6%
doy = 65 Aw
w = =2iby

dw = 205A6%

“ The pseudo-hermitian curvature equals two."”
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CR and Pseudo-Hermitian Structures

The Webster Connection

Theorem

Let (0,0%) be a pseudo-hermitian coframe. There exist unique
functions R, A, and V/, and an unique one-form w, so that

do = 0 A 6L

dot = ' Aw+AIAOL

w = —-w

dw = ROLAOL+2i3(VOL) A6

Further, if 6 is replaced by o = \ot, |A| =1, then

R=R, A=XA V=)V, w=w-A1td\

Recall from previous slide that R=2, A=0, V =0 for the
standard pseudo-hermitian structure.
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CR and Pseudo-Hermitian Structures

Cartan structural equations

Let ¢ and ¢1 be one-forms with ¢ real giving the CR structure:

Q ¢t =H,
Q Jo1=id,
Q do=i¢161.

There exist unique one-forms ¢y, ¢3, ¢4 and unique functions Rc
and S such that

© ¢» is imaginary and ¢4 is real,
Q d¢1=—d192 - ¢¢3,

Q doy =2i¢103 + id163 — P,
Q dos = -d104 — h2b3 — Redo,
Q@ doa = ig3d3+ (Sh1+S¢1)o.
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CR and Pseudo-Hermitian Structures

If we replace ¢ by 9 = [v]2¢ and ¢ by ¥; = vé1 with a constant v
then the forms

Yo =2, YP3= i¢3, (T %m
v v

satisfy the equations in the Theorem with R and S replaced by

——and S = >

T PR Ry’

R

R and S are relative invariants.
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CR and Pseudo-Hermitian Structures

We want to choose a multiple of ¢ and a corresponding multiple of
¢1 so that R(x) = 1.

Corollary

If R(p) # 0, there are precisely two choices of (¢, $1) such that in
a neighborhood of p

@ (¢, ¢1) give the CR structure,
Q do=ip1p1, and
Q@ R=1.

The eight parameter space of choices is cut down to only two
choices.
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CR and Pseudo-Hermitian Structures

If we denote one choice by (w,w1), then the other choice is
(w,—w1).
We set ¢ =w and ¢1 = w1 and apply the theorem to obtain ¢, ¢s3,
and ¢q.

¢,2:¢27 ¢g:_¢37 and ¢£l:¢4'
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CR and Pseudo-Hermitian Structures

So the curvature R is a pseudo-hermitian invariant and the torsion
A is a relative invariant. NEED CLARIFY THIS
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S3asa group

The group structure

su<2>:{(g _B) o + 87 - }co<4>.

Identify SU(2) with S3. SU(2) acts on S3 on the left.
Facts

@ Every left-invariant 2-plane distribution is contact.

@ The standard contact distribution is left-invariant.
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Start by describing all left-invariant CR structures with the
standard contact distribution.

BcCo®HcCeo TS
B={ZcC®TS®| by, (ab +63)Z = 0}.
Assume a #0, |B/al % 1.
B = {fo,05 + uf}*

satisfies Bn B = {0}.

Howard Jacobowitz Rutgers University Camden January 4, 2016 Left-Invariant CR and Pseudo hermitian Structures on s3



S3asa group

Let O(u) = 65 + ,uﬁ_é.

@ The left-invariant CR structures (6o, (1)) and (60,6 (1))
are equivalent if and only if either |u| = |p'| or |u| = || L.

@ The left-invariant pseudo-hermitian structures (af, 0 (1))
and (a'6y,0% (")) are equivalent if and only if a=a' and
|l = 14/].

© Any left-invariant CR structure of pseudo-hermitian structure
is equivalent to one with the standard contact distribution.

The third statement may be proved by group theory, but analysis
yields more information.
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We need the Webster and Cartan curvatures for (6o, 8 ().
do = io* A 6T

1 2 i —
dot = 01 A | =2/ Lﬂt 9_4’_“2,9/\91‘
L=yl 1|yl
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We need the Webster and Cartan curvatures for (6o, 8 ().

do =o' A oL
2 : o
do* = o (-2/(“'“'2))0— Y N,
1= |ul 1= |yl
So )
_ Aip
1-|pf
and

1 2
Rzz(—+|“|2).
1 —|ul

Note that RA # 0 for v # 0.
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