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Outline

Motivation

There are many results about pseudo-hermitian structures that are
torsion free:

1. Isoperimetric inequalities (e.g., Chanillo and Yang, 2009)

2. Sasakian geometry and physics

3. Jingzhi Tie lecture (higher dimension and non-compact)
Wanted simple examples of pseudo-hermitian structures with
torsion.
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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.
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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.

J:H - H with J> = 1.
We denote this structure by (M, H, J).
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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.

J:H— H with J? =—I.

We denote this structure by (M, H, J).
The conjugate CR structure is given by (M, H,-J)
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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.

J:H— H with J? =—I.

We denote this structure by (M, H, J).
The conjugate CR structure is given by (M, H,-J)
It is often useful to extend J by complex linearity to a map

J:Co®H—-C®H.
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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.

J:H— H with J? =—I.

We denote this structure by (M, H, J).
The conjugate CR structure is given by (M, H,-J)
It is often useful to extend J by complex linearity to a map

J:Co®H—-C®H.

Then J is completely determined by the eigenspace corresponding
to the eigenvalue i (or to the eigenvalue -i).
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CR and Pseudo-Hermitian Structures

CR Structures

A CR structure on M3 is a two-plane distribution H ¢ TM and a
complex structure on each fiber.

J:H— H with J? =—I.

We denote this structure by (M, H, J).
The conjugate CR structure is given by (M, H,-J)
It is often useful to extend J by complex linearity to a map

J:Co®H—-C®H.

Then J is completely determined by the eigenspace corresponding
to the eigenvalue i (or to the eigenvalue -i). So a CR structure is
just as well given by a complex line bundle Bc C® H,

Bn B ={0}.
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CR and Pseudo-Hermitian Structures

It will be useful to work with the dual formulation.
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CR and Pseudo-Hermitian Structures

It will be useful to work with the dual formulation. Let 8+ = H .
Assume
0 Ado+0.

Strict pseudoconvexity
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CR and Pseudo-Hermitian Structures

It will be useful to work with the dual formulation. Let 8+ = H .

Assume
0 Ado+0.

Strict pseudoconvexity
There exists some 6! such that

Q di=i0" A0 (ord(-0) =i ABT)
Q@ XeH = 0Y(X +iJX) =0. (Equivalently, JO = i6")
(0,6%) is called a CR coframe.
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CR and Pseudo-Hermitian Structures

It will be useful to work with the dual formulation. Let 8+ = H .

Assume
0 Ado+0.

Strict pseudoconvexity
There exists some 6! such that

Q di=i0" A0 (ord(-0) =i ABT)

Q@ XeH = 0Y(X +iJX) =0. (Equivalently, JO = i6")
(6,6") is called a CR coframe. Note that (6,61) is a CR coframe
for the conjugate structure.

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



CR and Pseudo-Hermitian Structures

The forms 6 and 6 are not unique.
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CR and Pseudo-Hermitian Structures

The forms 6 and 6' are not unique. For example

6 = ro

01 = bt

with constants r real and o complex, o> = r > 0.
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CR and Pseudo-Hermitian Structures

The forms 6 and 6' are not unique. For example

6 = ro

01 = af'
with constants r real and o complex, o> = r > 0.

A pseudo-hermitian structure is a CR coframe (6,6') with 6
fixed.
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CR and Pseudo-Hermitian Structures

The forms 6 and 6' are not unique. For example

6 = ro

01 = bt

with constants r real and o complex, o> = r > 0.
A pseudo-hermitian structure is a CR coframe (6,6') with 6
fixed. So the only other choices are

6 = 6

o1 = Ao

with || = 1.
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CR and Pseudo-Hermitian Structures

The forms 6 and 6' are not unique. For example

6 = ro

01 = bt

with constants r real and o complex, o> = r > 0.
A pseudo-hermitian structure is a CR coframe (6,6') with 6
fixed. So the only other choices are

6 = 6

o1 = Ao

with [A| = 1. Note that always df = 6 A 61,
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CR and Pseudo-Hermitian Structures

The Standard Structures

The standard CR structure on the three sphere S3 is the one it
inherits as a submanifold of C2.

H=TS3nJTS3.
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CR and Pseudo-Hermitian Structures

The Standard Structures

The standard CR structure on the three sphere S3 is the one it
inherits as a submanifold of C2.

H=TS3nJTS3.

H is called the standard contact distribution.
Choosing 6y = —i(zdz + wdw) give the standard
pseudo-hermitian structure .
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CR and Pseudo-Hermitian Structures

The natural choice for a coframe for these structures is

{90796}
with
Oo = —i(zdz+wdw)
05 = wdz - zdw

where these forms are restricted to S3.
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CR and Pseudo-Hermitian Structures

The natural choice for a coframe for these structures is

{90796}
with
Oo = —i(zdz+wdw)
05 = wdz - zdw

where these forms are restricted to S3.
Note for later that

dby = i3 AOY
diy = O5rw
w = =2ibg.
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CR and Pseudo-Hermitian Structures

Given two CR structures (M, H,J) and (M, H,J) a
diffeomorphism F: M - M is a CR diffeomorphism if it preserves
the two-plane distribution and the J-operator. That is

F.oJ=JoF,.
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CR and Pseudo-Hermitian Structures

Given two CR structures (M, H,J) and (M, H,J) a
diffeomorphism F: M - M is a CR diffeomorphism if it preserves
the two-plane distribution and the J-operator. That is

F.od=JoF,.
In terms of choices of coframes we are requiring
F*0 = s6
F*61 = 40" + 56

with s real, v and § complex s+ 0, and v # 0.
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CR and Pseudo-Hermitian Structures

Given two pseudo-hermitian structures, say {#,6'} and {0,0~1} and
a diffeomorphism F: M3 - M3, we say that the two
pseudo-hermitian structures are equivalent, and that F is a
pseudo-hermitian diffeomorphism if
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CR and Pseudo-Hermitian Structures

Given two pseudo-hermitian structures, say {#,6'} and {0,0~1} and
a diffeomorphism F: M3 - M3, we say that the two
pseudo-hermitian structures are equivalent, and that F is a
pseudo-hermitian diffeomorphism if

F*(6) =6

and B
F*(61) = 0" + 56.
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CR and Pseudo-Hermitian Structures

The Webster Connection

Theorem

Let (0,60) be a pseudo-hermitian coframe. There exist unique
functions R, A, and V/, and an unique one-form w, so that

do = gt a0t
dot = ' Aw+AdAOL
w = -w

dw = ROLAOL+2i3(VOL) A6

Further, if 8 is replaced by @' = \@*, |\| = 1, then

R=R, A=XA V=)V, w=w-A1d\
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CR and Pseudo-Hermitian Structures

So the curvature R is a pseudo-hermitian invariant and the torsion
A is a relative invariant.
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S3asa group

The group structure

|

= Q
Ql

su@={( G )¢ el iaf -1},
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S3asa group

The group structure

|

su@={( G )¢ el iaf -1},

SUQ2) & S°

= Q
Ql

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



S3asa group

The group structure

SUQ2) & S°

a -f c C2
(5 7 )ew@mec
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S3asa group

Let «=a+iband B=c+id.
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S3asa group

Let «=a+iband B=c+id.
Now SU(2) acts on R*.
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S3asa group

Let «=a+iband B=c+id.
Now SU(2) acts on R*.
Starting with the vectors

(0,1,0,0), (0,0,1,0), and (0,0,0,1)

tangent to S3 at (1,0,0,0), we translate them using SU(2) to
obtain the vector fields at the point (a, b, c,d)
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S3asa group

Let «=a+iband B=c+id.
Now SU(2) acts on R*.
Starting with the vectors

(0,1,0,0), (0,0,1,0), and (0,0,0,1)

tangent to S3 at (1,0,0,0), we translate them using SU(2) to
obtain the vector fields at the point (a, b, c,d)

'\
i
Il

(_ba a, _d7 C))
L, = (-c,d,a,-b)
L3 = (-d,-c,b,a).
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S3asa group

Contact stru
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S3asa group

Contact structures

Each of the three 2-planes spanned by {L;, L} is contact and
H={Lp L3}

is the standard contact structure. Thus the standard contact
structure in left-invariant.
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S3asa group

Contact structures

Each of the three 2-planes spanned by {L;, L} is contact and
H={Lp L3}

is the standard contact structure. Thus the standard contact

structure in left-invariant.
For any other left-invariant distribution we can choose a basis

V)
%4

Ll + UL3

L2 + VL3

with real constants u and v.
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S3asa group

Each left-invariant 2-plane distribution on S is a contact structure.
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S3asa group

Each left-invariant 2-plane distribution on S is a contact structure.

Proof
We have

1
E[U, V] = uL1 + VL2 — L3.
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S3asa group

Each left-invariant 2-plane distribution on S is a contact structure.

Proof
We have 1
E[U, V] = uL1 + VL2 — L3.

Assume
[U,V]=xU+yV

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



S3asa group

Each left-invariant 2-plane distribution on S is a contact structure.

Proof
We have 1
E[U, V] = uL1 + VL2 — L3.
Assume
[U,V]=xU+yV
Then

x=2u, y=2v, and xu+yv=-2

gives the contradiction
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S3asa group

Each left-invariant 2-plane distribution on S is a contact structure.

Proof
We have 1
E[U, V] = uL1 + VL2 — L3.
Assume
[U,V]=xU+yV
Then

x=2u, y=2v, and xu+yv=-2

gives the contradiction

20% +2v% = 2.
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S3asa group

Lemma

If D is a left-invariant 2-plane distribution on S* then there is
some & : S3 — S3 such that the induced map

®,7S% > TS3

takes D to the standard contact distribution.
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S3asa group

Lemma

If D is a left-invariant 2-plane distribution on S* then there is
some & : S3 — S3 such that the induced map

®,7S% > TS3

takes D to the standard contact distribution.

Restrict CR and pseudo-hermitian structures to have the standard
distribution.
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Left-Invariance

Left-Invariant Structures

(Almost) any complex structure on H at a given point is given by

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



Left-Invariance

Left-Invariant Structures

(Almost) any complex structure on H at a given point is given by

91=96+,u9_6, JTEES
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Left-Invariance

Left-Invariant Structures

(Almost) any complex structure on H at a given point is given by
91=96+,u9_6, JTEES

As 1 varies we obtain all the CR structures with the given contact
distribution, except for the conjugate of the standard CR structure
which appears as the limit as y — oo.
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Left-Invariance

Left-Invariant Structures

(Almost) any complex structure on H at a given point is given by
91=96+,u9_6, JTEES

As 1 varies we obtain all the CR structures with the given contact
distribution, except for the conjugate of the standard CR structure
which appears as the limit as u — oo.More generally,
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Left-Invariance

Left-Invariant Structures

(Almost) any complex structure on H at a given point is given by
91=96+,u9_6, JTEES

As 1 varies we obtain all the CR structures with the given contact
distribution, except for the conjugate of the standard CR structure
which appears as the limit as u — oo.More generally,

1 . .
1 and — define conjugate CR structures.
0
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Left-Invariance

Left-Invariant Structures

(Almost) any complex structure on H at a given point is given by
91=96+,u9_6, JTEES

As 1 varies we obtain all the CR structures with the given contact
distribution, except for the conjugate of the standard CR structure
which appears as the limit as u — oo.More generally,

1 . .
1 and — define conjugate CR structures.
0

For the pseudo-hermitian coframe
0 = 6o
o (05 + pb})

with
2 2y
AL = [ul?) = 1.



Left-Invariance

we have

4
) )T
~|u m
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Left-Invariance

we have

1+ |pf? 4ip —
d(91=01/\(—2l( = O A6L.
1-|pf 1-|pf?

Webster connection form
1 2
= -2i (L“g) fo.
1= |yl

_ Aip
1-|uf?

2
R:2(1+Iul2)'
1|l

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3

Torsion

Curvature




Classification

Let S denote the set of equivalence classes of left invariant
pseudo-hermitian structures corresponding to the standard contact
structure.
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Classification

Let S denote the set of equivalence classes of left invariant
pseudo-hermitian structures corresponding to the standard contact
structure.

The map

{ueC, <1} ~§

is surjective with fiber given by |p|.

The same result and proof hold for |u| > 1 and 6 replaced by —6.
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Classification

Proof
Assume || = ||
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Classification

Proof
Assume |u| = |p'|. Let F(z,w) = ({z,w) = (Z,w) for ¢ € C and
¢l =1.
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Classification

Proof
Assume |u| = |p'|. Let F(z,w) = ({z,w) = (Z,w) for ¢ € C and
|C|=1. Then
F*(0|(2,v~v)) = 0‘(z,w)
and

F* (65 + 163))

F* (Y (2.))
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Classification

Proof
Assume |u| = |p'|. Let F(z,w) = ({z,w) = (Z,w) for ¢ € C and
|C|=1. Then
F*(0|(2,v~v)) = 0‘(z,w)
and

F*(M65 + 163))
MN¢(wdz - zdw) + il (WdZ - ZdW))

F* (Y (2.))
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Classification

Proof
Assume |u| = |p'|. Let F(z,w) = ({z,w) = (Z,w) for ¢ € C and
|C|=1. Then
F*(0|(2,v~v)) = 0‘(z,w)
and
F(0z) = F*(A(0+7i63))
= M¢(wdz - zdw) + ji(WdZ — ZdW))
= k91|(z,w)
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Classification

Proof
Assume |u| = |p'|. Let F(z,w) = ({z,w) = (Z,w) for ¢ € C and
|C|=1. Then
F*(0|(2,v~v)) = 0‘(z,w)
and
F(0z) = F*(A(0+7i63))
= M¢(wdz - zdw) + ji(WdZ — ZdW))
= k91|(z,w)

Provided we can find some ¢ of norm one such that ﬂZ/C = U.
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Classification

Proof
Assume |u| = |p'|. Let F(z,w) = ({z,w) = (Z,w) for ¢ € C and
|C|=1. Then
F*(0|(2,v~v)) = 0‘(z,w)
and
F(0z) = F*(A(0+7i63))
= M¢(wdz - zdw) + ji(WdZ — ZdW))
= k91|(z,w)

Provided we can find some ¢ of norm one such that ﬂZ/C = U.
That is, provided

|l = |pe].
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Classification

Remark When p = i, we can take ( = +1 and we have two CR
diffeomorphisms leaving (0, 1) fixed.
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Classification

Remark When p = i, we can take ( = +1 and we have two CR
diffeomorphisms leaving (0, 1) fixed.
This illustrates a general theorem:
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Classification

Remark When p = i, we can take ( = +1 and we have two CR
diffeomorphisms leaving (0, 1) fixed.

This illustrates a general theorem:

A spc CR structure on M3 with nonzero “CR curvature” admits at

most two CR diffeomorphisms leaving a given point fixed.
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Classification

Remark When p = i, we can take ( = +1 and we have two CR
diffeomorphisms leaving (0, 1) fixed.

This illustrates a general theorem:

A spc CR structure on M3 with nonzero “CR curvature” admits at
most two CR diffeomorphisms leaving a given point fixed.

If 1 =0 the dimension of the isotropy group of a point is 5.

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



Classification

Conversely, we start with a pseudo-hermitian diffeomorphism F
and show that |u| = |fl.
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Classification

Conversely, we start with a pseudo-hermitian diffeomorphism F
and show that |u| = |fi|. We use

dot = 0 Aw+AIAGT
dol = O1AG+Af A6
together with F*(61) = af! to derive
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Classification

Conversely, we start with a pseudo-hermitian diffeomorphism F
and show that |u| = |fi|. We use

dot = 0 Aw+AIAGT
dol = O1AG+Af A6
together with F*(61) = af! to derive

(da) AOY + (0P Aw + AD A OY) = alfr A + Al A 6.
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Classification

Conversely, we start with a pseudo-hermitian diffeomorphism F
and show that |u| = |fi|. We use

dot = 0 Aw+AIAGT
dol = O1AG+Af A6
together with F*(61) = af! to derive

(da) AOY + (0P Aw + AD A OY) = alfr A + Al A 6.
Wedge this with #* and obtain

aA = GA.

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



Classification

Conversely, we start with a pseudo-hermitian diffeomorphism F
and show that |u| = |fi|. We use

dot = 0 Aw+AIAGT

dol = LA+ A A6
together with F*(61) = af! to derive

(da) AOY + (0P Aw + AD A OY) = alfr A + Al A 6.
Wedge this with #* and obtain

aA=aA.
Use .
B 4ip
1-|pP
to conclude that || = |i.
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Classification

CR structural equations

Let ¢ and ¢; be one-forms with ¢ real giving the CR structure:
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Classification

CR structural equations

Let ¢ and ¢; be one-forms with ¢ real giving the CR structure:
Q@ ¢'=H,
Q Jop1 = igf)L
© do=ip191.
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Classification

CR structural equations

Let ¢ and ¢; be one-forms with ¢ real giving the CR structure:

@ o' -H,
@ Jir=idy,
@ do=ipior.

There exist unique one-forms ¢», ¢3, ¢4 and unique functions
R(x) and S(x) such that

© ¢, is imaginary and ¢4 is real,
Q do1=—d192 - ¢¢3,

Q dop = 2ig1d3 + id1¢3 — d¢ha,
Q dos = -¢104 - d20p3 - Rpdr,
Q@ ds = id3p3 + (Sh1+ Sh1)9.
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Classification

If we replace ¢ by 9 = [v]?¢ and ¢ by ¥; = vé1 with a constant v
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Classification

If we replace ¢ by 9 = [v]?¢ and ¢ by ¥; = vé1 with a constant v
then the forms

1 1
Yo=¢2, Y3==¢3, Ya=i75¢a
v v
satisfy the equations in the Theorem with R and S replaced by
)
R=——and S= .
P 2 T oy
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Classification

If we replace ¢ by 9 = [v]?¢ and ¢ by ¥; = vé1 with a constant v
then the forms

1 1
Yo=¢2, Y3==¢3, Ya=i75¢a
v v

satisfy the equations in the Theorem with R and S replaced by

S
=———and S= .
VP VP

R

R and S are relative invariants.
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Classification

R(p) # 0 implies that (M, H, J) is nonumbilic at p.

A left invariant CR structure on S® with 11 # 0 has no umbilic
points.
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Classification

We want to choose a multiple of ¢ and a corresponding multiple of
¢1 so that R(x) = 1.
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Classification

We want to choose a multiple of ¢ and a corresponding multiple of
¢1 so that R(x) = 1.

Corollary

If R(p) # 0, there are precisely two choices of (¢, ¢1) such that in
a neighborhood of p

@ (¢, 1) give the CR structure,
Q do=ip11, and

Q@ R=1.
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Classification

We want to choose a multiple of ¢ and a corresponding multiple of
¢1 so that R(x) = 1.

Corollary

If R(p) # 0, there are precisely two choices of (¢, ¢1) such that in
a neighborhood of p

@ (¢, 1) give the CR structure,
Q do=ip11, and

Q@ R=1.

If we denote one choice by (w,w1), then the other choice is
(wa _wl)'
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Classification

We want to choose a multiple of ¢ and a corresponding multiple of
¢1 so that R(x) = 1.

Corollary

If R(p) # 0, there are precisely two choices of (¢, ¢1) such that in
a neighborhood of p

@ (¢, 1) give the CR structure,
Q do=ip11, and

Q@ R=1. y
If we denote one choice by (w,w1), then the other choice is
(wa _wl)'
We set ¢ =w and ¢1 = w1 and apply the theorem to obtain ¢, ¢3,
and ¢q.
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Classification

We want to choose a multiple of ¢ and a corresponding multiple of
¢1 so that R(x) = 1.

Corollary

If R(p) # 0, there are precisely two choices of (¢, ¢1) such that in
a neighborhood of p

@ (¢, 1) give the CR structure,
Q do=ip11, and
Q@ R=1.

If we denote one choice by (w,w1), then the other choice is

(wa _wl)'

We set ¢ =w and ¢1 = w1 and apply the theorem to obtain ¢, ¢3,
and ¢4. If instead we had set ¢’ =w and ¢} = —w1, we would have
obtained

/ !/ /
¢2 = ¢27 ¢3 - _¢37 and ¢4 - ¢4'
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Classification

If F is a CR diffeomorphism between left-invariant CR structures
characterized by u and ji and with the standard contact
distribution then either |u| = |fi| or |p| = 1/

Howard Jacobowitz Rutgers University Camden October 22, 201 Left Invariant CR Structures on s3



